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■ We consider a U(l) gauge field theory with fermion fields (or with scalar fields) that 

live in a space with 5 extra compact dimensions, and we compute the fermion-induced 
quantum energy in the presence of a constant magnetic field, which is directed towards 
the X3 axis. Our motivation is to study the effect of extra dimensions on the asymptotic 
behavior of the quantum energy in the strong field limit (eB » M 2 ), where M = 1/R. 
We see that the weak logarithmic growth of the quantum energy for four dimensions, 
O is modified by a rapid power growth in the case of the extra dimensions. 



1 Introduction 

The computation of the fermion-induced quantum energy in the presence of a constant 
magnetic field (or Heisenberg-Euler lagrangian), is a topic that has attracted the attention 
of authors from the early time of quantum electrodynamics PjJ 12 E] • In addition, the case of 
three dimensions has been studied in Ref. J 1 . It is worth mentioning that inhomogeneous 
magnetic fields have also been studied, analytically and numerically 013 HI IE] Finally we 
note that approximation tools such as the derivative expansion are also available 

As it is believed, particle field theories like Standard Model are embedded in more fun- 
damental field theories, which may be string theories. It is well known that string theories 
are formulated in higher dimensional manifolds. For this reason, in recent years, there has 
been a great interest for particle models with extra compact dimensions (see for example 

uni en cni eh ehd 

In the framework of the above discussion it would be interesting to reconsider classical 
topics, like Heisenberg-Euler Lagrangian (for QED), in the case of models with extra dimen- 
sions. The simplest way to extend QED (or a U(l) gauge field theory with fermions) in this 
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direction is to add one or more extra compact dimensions with radius R = 1/M, assuming 
that both the gauge and the fermionic fields live in the bulk. We note that M is the mass 
scale of the Kaluza-Klein modes. 

In this work we will generalize the well known Schwinger formula [3] for the effective 
energy in the case of 8 extra compact dimensions. Our motivation is to study the effect of 
the extra dimensions on the strong field (eB » M 2 ) asymptotic behavior of the quantum 
part 1 of the effective energy. We see that the weak logarithmic growth of the quantum energy, 
in the case of four dimensions, is modified by a rapid power growth (see Eqs. (37), (43) and 
(45) below) in the case of the extra dimensions. The reason is that in the strong field limit 
(eB » M 2 ) the extra dimensions lose their compact structure and behave as if they were 
noncompact. 

Previous works aimed at the study of extra noncompact dimensions with external mag- 
netic fields can be found in Ref. ^H]. However, the topics which are covered in these works 
are different to what this paper aims at. 

The question that arises is weather the above mentioned model can be assumed as an 
extra- dimension extension of QED. Note that the smallest scale of extra dimensions that has 
been assumed is M ~ ITev (for a specification of bounds on M see Ref. jHj), according to 
the scenario of Refs. jTU| HD H2] • It is obvious that for \fe~B ~ ITev (or B ~ 10 26 G) the 
QED is not valid. Thus, we will use this model for an understanding of the effects of extra 
dimensions to the effective energy, but we can not use it in order to extract trustworthy 
physical results (see also the discussion in conclusions). 

2 Quantum energy for five dimensions 

In this section we study the case of five dimensions, and later we will generalize our results 
for more extra dimensions. 

The partition function of a U(l) gauge field theory with fermions, in dimension D=5, 
reads 

Z=f PADfDfe i /' iDl( "J f ^ fP+ * ( ' 9 " m ^ +£M) (1) 

Jb.c 

where / d D x = ^ R dx± J d 4 x and £4 is the extra dimension, which is assumed to be com- 
pactified on a circle of radius R = 1/M (M is the scale of the Kaluza-Klein modes). 

In addition, we have assumed periodic boundary conditions for the fermion and gauge 
fields, namely \l/( ) = ^(x,x 4 + 2ttR) and A M ( ) = v4 M (x,£4 + 2ttR), where x = 

(x ,X 1 ,X2,X 3 ). 

At this point we remind the reader that the model we examine is nonrenormalizable. 
However, in this paper, we will assume the above model as a low energy effective field theory 
which is valid up to large physical cut-off Aph, above which a new well defined theory emerges. 
In particular, we assume that this effective field theory has been obtained from an original 
fundamental field theory by integrating out all higher momenta and heavy particles above 
the physical cut-off Ap^. Thus, the model we examine is viewed as a Wilsonian effective 

1 The effective energy E e tf is equal to the classical energy E c i ass plus a quantum energy part Eq, which 
is induced by the fermions, or E e ff = E c i ass + Eq. 
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field theory ^Hl EE EDj • For more details and criticism on effective field theories with extra 
compact dimensions, see Ref. [27I] . 

The lagrangian incorporates all the possible higher dimension operators with dimen- 
sion 2 + D or higher, which respect the symmetries of the above model. For example the 
lagrangian Chd should be Gauge invariant. However, the precise form of Chd can not be 
determined, as the original renormalizable fundamental theory that our model has come 
from, is not known. In general, we will ignore the contributions of the higher dimension 
operators, or we will drop the lagrangian Chd from the path integral of Eq. (1). However, 
in section 4.2, it is necessary to accept the existence of a 2D dimension operator of the form 
wd/2 J d D x(F^ u F^ u ) 2 , in order to incorporate the cut-off dependent part of the quantum 
energy for D = 8,9, 10 (for details see section 4.2). 

The effective action S e ^[A] is defined by the equation 



,iS eff [A] 



f V^V^e l -f dDx{ ~^ F ^ F ^ + ^ iiI? ~ mfW = e i (-kS dDxF >"' F '"'+ s QW) (2) 

Jb.c 



The quantum part of the effective action SqLA] is obtained by integrating out the 
fermionic degrees of freedom in the path integral, so we obtain 

S Q [A] = -Mj V^V^e % $ dDx *^- m ^ = -/Trhx{i Tp - m f ) (3) 

where 3 = r M (<9 M — ie Fj A^) (// = 0, 1, 2, 3, 4), and e 5 is the five dimensional coupling constant. 
The gamma matrices for the five dimensional case are four dimensional matrices which satisfy 
the Clifford algebra T u } = 2g IJiV X^ x ^. A representation for is obtained from the usual 
representation 7^ of the four dimensional QED, by setting T M = 7^ for fi = 0,1,2,3 and 
T 4 = ry 5 . 

It is well known that for odd dimensions, a parity 2 violating term (Chern-Simons term 3 ) 
is induced by the quantum corrections. However this term is zero in the case of the constant 
magnetic field. 

Thus we will concentrate on the parity invariant term of the quantum action which reads: 

S Q [A] = ^TrHP 2 + m}) (4) 

Instead of the effective action, it is more convenient for our purposes to use the quantum 
part of the effective energy per unit of the three dimensional volume V = L 3 (where L is the 
size of the three dimensional space box) which is given by the following equation 

Eq[A\ = ~S Q [A] (5) 

where T is the total length of time. 

In the case of five dimensions the symmetry of parity can be defined and X4 — > — X4. The 

fermionic field is transformed as ^(x^i) — > T^ixj—Xi), then the kinetic term of the Dirac Lagrangian is 
invariant under the symmetry of parity, but the mass term violates it. 

3 The induced Chern-Simons term is of the form J d 3 x e tLV( " lr d v A p d a A T , in the case of five dimensions, 
and it is zero in the case we examine. 
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In this paper we aim to compute the effective action in the presence of a constant magnetic 
field which is directed toward the X3 axis. The vector potential that corresponds to this 
magnetic field is A = (0, 0, B 5 xi, 0, 0), where B 5 = F i2 is the five dimensional field strength. 



The magnetic field that corresponds to four dimensions is B = Be^ where B = B^J2tt/M 



Also we define the four dimensional coupling constant e as e = e^^MjlTi. Note that the 
product eB{= e 5 B 5 ) is independent of the dimensionality of space, and has dimension of 
square of mass in natural units. 

In what follows we will use the four dimensional quantities. For example, the classical 
energy per unit of the three dimensional volume can be expressed as 

E class = \^-B\ = \b 2 = -^—(eB) 2 (6) 
2M 5 2 2e 2 

From the integral representation ln(a/6) = — f +oo (ds/s)(e~ as — e~ bs ), if we use the Eqs. 
(4) and (5) we obtain: 



r+°° ds _„ m 2 

Q ~ ~2TV 



f 00 -e~ sm f Tr(e'^ 2 - e"^) (7) 
Jo s 



where we have renormalized by subtracting the effective energy for zero magnetic field. 
The trace in the above equation can be written as 

Tr e^ 2 = Tr e ~^ + ^F^ = Tr e ~s\^F. v (g) 

where = \[V^Y V }. 
By using the equation 

e s\eii^F^ = e -« ri r 2 eB = cosh ( e5s ) j 4x4 _ s i n h( e 5s) (9) 

we obtain 

tr e -4 eSA1 "^ = 4 cosh(eBs) (10) 

where we have used the identity trTi^ = 0. 

The operator D 2 in the presence of the magnetic field is: 

D 2 = d 2 - d\ - (d 2 - ieBx x ) 2 - dl - d 2 A (11) 

We will be compute the trace Tr e~ s ° 2 by using the complete basis of eigenf unctions 

X A ) ~ e -™*o e ip2X 2e i P 3X3 e iMmx 4 ^ = Q, ±1, ±2, ..) (12) 

The function u(xi) satisfies the eigenvalue equation 

{-d\ + (P2 + eB Xl ) 2 ) u( Xl ) = E n u( Xl ) (13) 
and the corresponding eigenvalues E n are the well known Landau levels: 

E n = 2eB(n + ^) (n = 0,1,2,..) (14) 



We remind the reader that in every Landau level corresponds an infinite degeneracy factor 
with value eBL 2 /2tt. 

From Eqs. (11), (12), (13) and (14), if we perform a wick rotation uo — > iu, we obtain 

Tr e -s d 2 = i r £L^eB 1 +2? e _ sM 2 m 2 

16vr 2 a sinh(eBs) ^ 1 ; 

where we have used the equation E n e" sE " = 1/2 sinh(ei?s). 
By using Eqs. (10) and (15) we obtain 

£ « = H C 5 e ~ s " ,? ( coth(eBs) - ss) F(sM2) (16) 

where we have set 

+oo 

F(s)= £ ^ (17) 



m=— oo 



and we have rendered the integral of the Eq. (16) convergent by introducing an ultraviolet 
cut-off 4 A. 

If we use the expansion 



coth(z) = - + Z --^ + 0(z 5 ) 
z S 45 



the Eq. (16) can be written as: 



eB r+°° ds qm 2 ( , . „ , 1 eBs\ 



Eq = 8^1 — ( ~ l«-<»tl»('^)-— —I /•'(«."!/ 
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The last term, which is cut-off dependent, corresponds to the diagram with one fermionic 
loop and two external legs 5 . This term can be incorporated in the classical energy, as is 
shown bellow 



Eeff — E dass + Eq 

= I I J_ + J_ / + °° ^ e - sm ?F( S M 2 )^| (eB) 2 
2 ^e 2 127T 2 A/A2 8 V / 

ei? f+°° ds ,„a / . , „ . 1 e_Bs\ „ 

+ gzi ^ e ' ( coth(eSs) " ^ " — ) F(sM ) (20) 

4 Note that the cut-off A, which corresponds to the proper time-method, is not equal to the physical 
cut-off scale h-ph- However, we assume that they are connected by a linear relation Kph — \frh where r 
is of the order of unity. A value for the parameter r has been determined in Ref. j!2j . and it is found to 
be of the order of unity for all the values of S. In addition, a different study for the parameter r, from the 
point view of the Wilson renormalization group, can be found in Ref. [14| . However, in this work it is not 
necessary to introduce the fundamental scale explicitly, and thus we will not deal further with this topic. 

5 This diagram is known as the vacuum polarization diagram, and the external lengths represent the 
interaction of the fermion with the classical magnetic field. 
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The renormalized coupling constant ep is denned as 

\ = ~ 2 + T^~ 2 f ^ - e~ s m fF(sM") (21) 
ef, e 2 127r 2 A/a 2 s 

Note that the coupling constant e is the bare coupling constant which corresponds to the 
scale Aph, and ep is the renormalized coupling constant defined according to the first of the 
renormalization conditions of Eq. (41) in section 4.2. 

If we take that eB is a renormalization group invariant quantity (or eB = epBp), we can 
write 

E eff = \{e R Bpf + E Q R) (22) 

e R 

( Ft) 

where the renormalized quantum part of the effective energy Eq is cut-off independent. If 
we set z = eBs in Eq. (20) we obtain 

(eB) 2 r+°° dz zm ) ( ,,, 1 z\^(zM 2 \ , , 

For the sake of simplicity, we have dropped the index (R), otherwise in the above equation 
we should write ep, Bp and Eq . 

We note that F{zM 2 /eB) -> 1 as eB/M 2 « 1. Thus the Eq. (23) is reduced to the 
usual expression for the quantum energy in the case of four dimensions, as is required. 



3 Strong field limit {eB » M 2 ) 



We remind the reader that the strong field asymptotic formula for the case of four dimensions 
reads: 



E asyrn P t = _{eBf l{ eB, 



See for example Refs. (221 HI] • 

Now if we use the Poisson formula we can prove that 



+00 9 9 

,2. It --^ -* 2 r 2 



F(s) = £ = J- £ e=^ (25) 

m=— 00 r=— 00 

and from this equation we obtain F(s) ~ as s — > 0. 

In order to isolate the asymptotic behavior of Eq. (19) for s — >• 0, we define the function 

Lx{s) = F{a) - yj^ (26) 

which has the identity: lim^o s~ n L\(s) = for every integer n. This asymptotic behavior 
for s — > has been confirmed numerically by plotting the function s~ n Li(s) for several values 
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of n. Note that due to this identity the first two integrals, in Eq. (27) below, are rendered 
convergent. 

If we use the Eqs. (26) and (23) we obtain 

eB r+ co ds _ sm 2 / _ / , 1 \ T . (eB) 2 r+ ca ds _ sm 2 T . , , r9 . 

eS /-+ 00 (is _ sm 2 / , , „ , 1 e5s\ . . 

+ W /„ ^ e ' ( coth < eBs > - S£ - — ) < 27) 

In order to study the asymptotic behavior of Eq in the strong magnetic field limit eB » 
M 2 we will study separately the three integrals that appear in Eq. (27). It will be convenient 
to call them Eq\ Eq^ and Eq 1 respectively. 

If we set y = sM 2 in the first integral of Eq. (27) we obtain 

and for ||| — > +oo we find 

Similarly if we set z = eBs in the third integral of Eq. (27) we obtain 



,g) (eB) 2 eB f+°° dz zm ) ( , , , 1 z\ 



7T 3 / 2 V M 2 7 2 5 / 2 V W 2 3 



and for ei? >> M 2 >> m 2 we see that 



l(3) {eBf jeB f+°° dz (_^ ( ^ 1 z\ c^eBf j eB 



^"8^feio ^r thW -;-3j = -^7 2 -v^ (31) 

where ci is a positive constant. For the numerical value of c\ see Tabled 
The integral 

is obviously proportional to {eB) 2 and no further analysis is needed. 

If we compare the equations (28) and (30) we see that Eq dominates in the strong field 
limit. Thus, the leading term of the asymptotic formula for the quantum energy Eq is 



^(asympt) CjjeB) / eB 

E Q = "^7^V^ (32) 

(2) 

and the next to leading term is given by the integral Eq . 

Comparing Eq. (32) with Eq. (24) we see that the logarithmic dependence for four 
dimensions has been modified with a square root law in the case of five dimensions. 
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4 More than five dimensions (D=4-\-S) 



In this section we aim to generalize the asymptotic formula of Eq. (32) for more than 
five dimensions. We set D = 5 + 4 where S is the number of the extra compact dimensions. 
However, if we assume that the number of extra dimensions is restricted by the string theory, 
it can not exceed the number six (or 1 < 8 < 6). Also we assume that the radius R = 1/M 
is the same for all the extra dimensions. 

An obvious modification, in order to extend Eq. (16) for a general number of extra 
dimensions 5, is to do the replacement F(sM 2 ) — > (F(sM 2 )) . A second modification is to 
multiply Eq. (16) by 2^- D ^~ 2 , which is due to the trace of gamma matrices 6 tr e - s 2 eSMI/i V — 
2^/2] C osh(eBs). 

Now it is a straightforward matter to generalize the formula of Eq. (16) in the case of S 
extra dimensions 

where e = e D (M/2n)V 2 , B = B D (2n/M) 5 / 2 , and e D and B D are the corresponding D 
dimensional quantities. 

Note that for eB/M 2 << 1 the above equation is not reduced to the corresponding four 
dimensional expression, as is required. In particular it differs by a factor 2' D / 2 ^ 2 . This is 
due to the fact that the reduced theory contains 2 ]lD/,2 ^~ 2 four dimensional Dirac spinors with 
the same mass term, and not one as happens with the four dimensional model. Thus we 
can make contact with the four dimensional quantum energy by dividing with the number of 
Dirac spinors 2^- D ^~ 2 . A more sophisticated way to solve this problem would be an orbifold 
model with the appropriate boundary conditions, so that only one Dirac spinor would survive 
in four dimensions. However in this work we will not perform computations for this case. 

An interesting point is that the strong field (eB » M 2 ) asymptotic behavior for the 
effective energy, is independent from the details of the compactification. The reason is that, 
for eB » M 2 , the extra dimensions lose their compact structure and behave as if they were 
noncompact. Thus, even if we had assumed another compactification scenario, for example 
an orbifold model, we would obtain exactly the same result for the effective energy in the 
strong field limit. 

The next step is to subtract and to add back the vacuum polarization diagram, which is 
responsible for the renormalization of the coupling constant, 



Eq = 2™^- r % e—} (cotHeBs) - J- - ^ ( F (sM 2 
Q 32vr 2 A/a* s 2 V K J eBs 3 J V V 

+ 2im ^c d i e " m '^ M2) y (34> 

In addition, the renormalized coupling constant is 

j_ i_ 2^/ 2 ] r+^ds 



e\ e 2 487r 2 A/a 



r^e—'(F(sM^ S (35) 



3 We remind the reader that the gamma matrices, in a D-dimensional space, have dimensions 2l D / 2 l x 2^ D / 2 ^ . 
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4.1 Effective Energy for 5 = 1, 2, 3 

For S = 1,2, 3, the renormalized quantum energy reads: 

Note that the above integral is convergent only for 5 = 1,2,3, and the quantities e and B 
that appear in this integral are the renormalized ones, for which we have dropped the index 
(R). 

The strong field limit is obtained by using exactly the same method, which was presented 
in the previous section. The corresponding asymptotic formula reads: 

VT* = -C 3^=^ (jjjj) (« = 1.2,8) (37) 



where 



,, = - / ^ (coth(z) - 1 - |) IS - 1.2.3) (38) 



o 



The numerical values of the constant c$ > are given in Table ^ 

In order to prove the asymptotic formula of Eq. (37) we have used the function 



s 



L 5 (s) = (F(s))° - (- j (39) 

Note that the identity \im s _, s~ n Ls(s) = is valid also in the case of more than one extra 
dimensions, and that it has been confirmed numerically. 

4.2 Effective Energy for 6 = 4, 5, 6 

For 5 = 4, 5, 6 the integral in Eq. (36) is divergent for s — 0. Thus, the cut-off A appears 
explicitly in the expression for the quantum energy. It is possible to isolate the cut-off 
dependent part by subtracting and adding back the Feynman diagram with one fermion 
loop and four external legs, or 

eB r + °° ds _ Qm 2 ( , , „ s 1 eBs 



eBs 3 



14407T 2 A/A 2 V v 

In this case there is not a classical term in which the cut-off dependent term of the above 
equation can be incorporated. Of course, this is a problem that is due to the nonrenor- 
malizable character of the model we examine. However, we will overcome this problem by 
assuming the existence of a higher dimension operator of the form wd/2 / d D x(F llu F flu ) 2 . 
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The cut-off dependent term in Eq. (40) can be incorporated in this higher dimension opera- 
tor. The renormalization conditions (see also Ref. [23) according to which we separate the 
cut-off dependent part from the finite part are 



1 

72 



dE, 



eff 



dT 



1 1 



d* E eff 

dT 2 



•1 



2^/2] , 



where T = ^F^F^, and wr is the corresponding renormalized four dimensional coupling 
constant. Thus, the effective energy includes a term of the form wr/2 B 4 where wr is a 
free parameter, which can be determined experimentally according to the renormalization 
conditions of Eq. (41). Note, that we have included the term — -^r in Eq- (40), in 

order to make contact with the four dimensional result for the quantum energy in the weak 
field limit eB « M 2 . 

The renormalized quantum energy consists of the first two terms of Eq. (40): 

E m = 2[m ^_ i ■ - - mj { cotHeBs) _ _L_ _ — j (42) 

The corresponding strong field asymptotic formula for 5 = 5, 6 is 

(5 = 5,6) (43) 




asvmpt _ c 5 2^{eBf (eB\ s l 2 

" 32 7r (4-6)/2 \ M 2) 



where 



Note, that from the first term of Eq. (42) we obtain the logarithmic asymptotic behavior of 
Eq. (24), which corresponds to the case of four dimensions. 

For S = 4 we can show that the strong field asymptotic formula reads: 

0[D/2]( eB \2 , dJ/2 d 

Q 1440 \M 2 J K M 2J K J K J 

The logarithmic factor \n(eB/M 2 ) in the above asymptotic formula, for 5 = 4, is due to the 
logarithmic divergent of the second integral of Eq. (42), as eB/M 2 — ► +oo. 

Note, that for 5 = 4, 5, 6 the asymptotic formula is positive, contrary to the case of 
5 = 1,2,3. 



5 Quantum energy for scalar fields 

In this section we will discus briefly the quantum energy for a U(l) gauge field theory with 
scalar fields. The path integral in this case is 

Z=[ VAV(j)*V(f)e i f dDx{ - l ^ F ^ +{D ^ r{D ^ ) - m ° ,l> *' l,) (46) 

Jb.c 
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s 


1 


2 


3 


4 


5 


6 


C6 


0.340 


0.122 


0.087 




0.027 


0.011 


fs 


0.219 


0.091 


0.074 




0.024 


0.010 



Table 1: The constants cs and fs for 5 = 1,2, 3, 5, 6. 



with boundary conditions (f)(x,X4) = <p(x, £4 + 2ttR). 
The quantum part of the effective action is 

S Q [A] = -\n( [ V<p*V<pe^f^*+'t D * D '** n V+) = — - Tr \n(D 2 + m 2 s ) 

% \Jb.c / % 

In a similar way with that of previous sections, we find that the renormalized quant 
energy in the case scalar fields is 

E = J^r°^e-#M - + -)(f( Z -^-)) 5 ( 

Q 16tt 2 Jo z 2 \smh{z) z 6) \ \ eB J J y 

for 5 = 1,2,3. 

The corresponding strong field asymptotic formula for the quantum energy is 



where fs is a positive constant which is given by the equation 

r+°° dz ( 1 1 z\ 
J6 = J J(^[—^-- + q) (^ = 1 > 2 ,3) 

For 5 = 5, 6 we obtain 



rpasyrnpt /• (^-^) / \ 

" 75 16 vr( 4 - 5 )/ 2 Itfj 
where is positive, and it is given by the equation 



8/2 

(5 = 5,6) 



r+°° dz f l 1 £_7f^\ 
/5 " Jo z^+ 5 )/ 2 \smh{z) z + 6 " 360 ) { ~ ' } 

For the numerical values of the constants fs see tabled 
Finally, for 5 = 4 we obtain 

E asym P t = / \ 5 ' 2 eB = 

Q 5760 VMV V M 2; v ; 
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Figure 1: (2^ D ^- 2 )- 1 (eB)- 2 E Q versus eB/M 2 , for fixed ratio M/m f = 10 3 , and 5 = 0,1, 2, 3, 
for the fermion field. 

6 Numerical results for the quantum energy 

In Fig. dwe have plotted the (2^~ 2 )- 1 (eB)~ 2 E Q clS db function of eB/M 2 , in the case 
of fermions. This figure confirms numerically the strong field asymptotic behavior for the 
quantum energy, for 5 = 1,2,3 (see Eq. (37)). In addition, for eB << M 2 the quantum 
energy is independent from the extra dimensions and it coincides with the four dimensional 
result, as is required. Thus the existence of the extra dimensions is not observable for weak 
magnetic fields eB << M 2 . The corresponding case for the scalar fields is presented in Fig. 
121 and as we see, it has the same features with that of the fermion fields (see also Eq. (49)). 

In Fig. Iwe have plotted {2^ D ' 2 ^ 2 )- l (eB)- 2 E Q function of eB/M 2 for the spinor 
field, in the case of 5 = 0, 4, 5, 6. From the figure we observe that the extra dimensions does 
not alter the four dimensional quantum energy in the limit eB << M 2 , as is required. Note 
that for eB » M 2 the quantum energy for 5 = 4, 5, 6 is positive, contrary to the case of 
5 = 1,2, 3. The corresponding figure, in the case of the scalar fields, has the same features 
with those of Fig. El 

Finally, in Fig. HI we present a typical plot of the effective energy E e ff = E c i ass + Eq as 
a function of eB/M 2 , in the case of the fermion fields. The corresponding figure in the case 
of the scalar fields is not presented, as it exhibits exactly the same features with those of 
Fig. El Of course, Fig. |3]is not reliable for large values of the magnetic field, at which the 
perturbation theory breaks down (or \Eq\ = E c i ass ). In addition, we remind the reader that 
the contributions of the possible higher dimensional operators has been completely ignored. 

For the numerical computation we used the Eq. (36) for 5 = 1,2,3 and the Eq. (42) for 
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-0,003 
-0,006 




-0,009 - 



-0,012 - 



-0,015- 



-0,018- 



1 1 1 1 1 1— 1 1 1 r 

1 2 3 4 5 

eB/M 2 



Figure 2: (eB) 2 Eq versus eB/M 2 , for fixed ratio M/m s = 10 3 , and 5 = 0, 1,2,3, for the 
scalar field. 

5 = 4,5,6. 

We would like to estimate for which magnetic fields the quantum energy becomes com- 
parable with the quantum energy. In Table El we determine the magnetic fields for which 
\Eq\ = 0.1E c i ass and \Eq\ = E c i ass . 

In the case of four dimensions, the strong field (B » e/m 2 ~ 10 14 G for rrif = 0.5Mev 
and e 2 /47r = 1/137) asymptotic behavior of the quantum energy is given by the formula 
Eq = — m (^) ( see Eq. (24)). The quantum energy is equal to the ten per cent of 

the classical energy (or \Eq\ = 0.1E c i ass ) for magnetic fields of the order B ~ 10 70 G. The 
value of the magnetic field for which the perturbation theory breaks down (or \Eq\ = E c i ass ) 
is B ~ 10 574 G. These values are entirely unrealistic. Of course, this is due to the small 



\Eq\ = 


M 


5=0 


5=1 


5=2 


5 =3 


0-1 E c i ass 


1 Tev 


B ~ 10 70 G 


B ~ 8.6 10 29 G 


B ~ 9.5 10 27 G 


B ~ 2.1 10 27 G 


Eciass 


1 Tev 


B ~ 10 574 G 


B ~ 8.6 10 31 G 


B ~ 9.5 10 28 G 


B ~ 9.5 1 27 G 


0.1 Edass 


20 Tev 


B ~ 10 70 G 


B ~ 3.5 1 32 G 


B ~ 3.8 10 30 G 


B ~ 8.5 10 29 G 


Eciass 


20 Tev 


B ~ 10 574 G 


B ~ 3.5 10 34 G 


B ~ 3.8 10 31 G 


B ~ 3.9 10 30 G 



Table 2: We present a comparison between the quantum and the classical energy, and in 
particular we determine the values of the magnetic fields for which \Eq\ = 0.1B c / ass and 
\E Q \ = Edass for 5 = 0,1,2,3, M = lTev,20Tev, e 2 /4vr = 1/137, and m f = O.hMev. We 
have not included the cases of 5 = 4, 5, 6, as the value of wr is not known. 
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Figure 3: {2^ D ^- 2 )- l {eB)- 2 E Q versus eB/M 2 , for fixed ratio M/m f = 10 3 , S = 0,4,5,6, 
for the fermion field. 

coupling constant of QED, and the weak logarithmic growth of the quantum energy. 

In the case of extra dimensions, and in particular for 5 = 3 (for 5 = 1,2 see Table |2J), we 
see that the quantum energy becomes equal to the ten per cent of the classical energy for 
B ~ 10 27 G (M = ITev), and the perturbation theory breaks down for B ~ 10 28 G. These 
values are significantly smaller than the corresponding values of the four dimensional case, 
but they are still very large. For example the magnetic fields in neutron stars are of the order 
of B ~ 10 14 G, and the magnetic fields which might have been created during the electroweak 
phase transition are of the order of B ~ 10 24 G |24j . which are smaller than B ~ 10 27 G where 
the effects of the extra dimensions become significant. However, the authors of Ref. |2"o] . 
have assumed the existence of magnetic fields B ~ 10 33 G, in the early universe, in order 
to explain the present-day galactic magnetic fields. Thus, for magnetic fields of this order 
of magnitude the effects of the extra dimensions should be taken into account (see also the 
discussion in the next section). 

7 Conclusions and Discussion 

We considered a possible generalization of a U(l) gauge field theory with fermion fields (or 
scalar fields) in the case of 5 extra compact dimensions, and we presented a computation for 
the fermion induced quantum energy, in the presence of a constant magnetic field which is 
directed towards the x% axis. 

Moreover, we would like to note that realist magnetic fields can not cover an infinite 
volume. However, in the strong field limit the typical length scale 1 / y/eB of the magnetic 
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Figure 4: E eff = E dass + E Q versus eB/M 2 , for fixed ratio M/m f = 210 6 , 5 = 2 and 
e 2 /47r = 1/137 for the fermion field. 

field is much smaller than the spatial size L, or eB L 2 » 1, and in this case the magnetic 
field behaves as if it was constant everywhere. Thus, we expect the formulas we derive to 
be valid, even if the magnetic field vanishes outside a large volume V = L 3 . 

The model we examined is nonrenormalizable, and it should be assumed as a low energy 
effective theory with a large physical cut-off Aph (Wilsonian effective field theory). A re- 
markable feature is that the one loop result for the quantum energy is independent of the 
cut-off Aph for small S (or S = 1, 2, 3). However, for 5 = 4,5,6 the nonrenormalizable charac- 
ter of the model worsens and the scale Aph (or the proper time cut-off A) appears explicitly 
in the quantum energy. In this case we included a higher dimension operator of the form 
wd/2 J d D x(F /lu F flu ) 2 in the Lagrangian of the model. Then, the cut-off dependent part of 
Eq. (40) can be incorporated in this term according to the renormalization conditions of Eq. 
(41). Thus, in the case of 5 = 4, 5, 6, the effective energy contains a term of the form ^B 4 , 
with an additional free parameter wp. 

We would like to note that there are alternate ways to treat this difficulty For example, 
we can ignore all the higher dimension operators and assume that the proper time cut-off A is 
not just a typical regularization parameter, but it is connected with the physical cut-off Aph 
via a linear relation (see Ref. |I2j). Then, the result for the effective energy, for 5 = 4,5, 6, 
will be a finite quantity which depends on the physical cut-off Aph (see Eq. (40)). However, 
in this paper, we adopt the philosophy which is presented in Ref. [20] and we incorporate 
the cut-off dependent term in a higher dimension operator, as we explain in the previous 
paragraph and in section 4. 

We also studied the effect of the extra dimensions on the strong field [eB » M 2 ) 
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asymptotic behavior of the effective energy. We see that there is a critical value of the 
magnetic field B cr = M 2 /e (~ 10 26 G for M=l Tev), above which the extra dimensions 
behave as if they were noncompact (see the figures in section 6), and as a consequence the 
quantum energy increases rapidly according to a power law behavior (see Eqs. (37), (43) and 
(45)). This behavior modifies the weak logarithmic growth of the quantum energy in the 
case of four dimensions (see Eq. (24)). 

In this work we have not examined the interesting case of massless fermions. We preferred 
to assume that the fermions are massive in order to make contact with the Schwinger formula 
for four dimensions, which has been formulated only for massive fermions. However, our 
results for the strong field asymptotic behavior are valid even for massless fermions. In this 
case the mass of the fermions my is viewed as an infrared cut-off parameter. An interesting 
feature of the strong field asymptotic formulas, of Eq. (32), (37), (43) and (45), is that they 
are independent of the infrared cut-off m/, for eB » M 2 » m 2 . 

It is interesting to note that in higher dimensional spaces constant magnetic fields are 
characterized by the electromagnetic tensor where /i, v — 1, 2, ..D — 1, which has more 
than one independent components (see for example Ref. [16J). These more general magnetic 
fields are physical objects which are introduced by the higher dimensional theory. Even these 
fields have not been observed directly in low energy physics, they can be relevant physically 
indirectly. For example, in Ref. the existence of a magnetic field in the intrinsic space 
can be used as a tool for supersymmetry breaking. In this paper, we have assumed the 
special case of a magnetic field which is directed toward the x% axis of the physical space. 
The computation of the quantum energy in the most general case of a higher dimensional 
magnetic field is beyond the scope of this paper and could be a topic of further investigation. 

We emphasize again, that this extra-dimension U(l) model with massive fermions (or 
with a massive scalar field), can not be viewed as an extra-dimension extension of QED. It 
is only a toy model for the study of the effects of the extra dimensions. Thus, the results of 
this paper are only suggestive and not realistic. 

However, we can use the U(l) model in order to extract results for a more realistic case. 
We will assume an extra-dimension version of the standard model, before the electroweak 
symmetry (S , L r i(2) x £7y(l)) breaking. Then the U(l) symmetry, of the U(l) model of this 
work, corresponds to the £/y(l) of the standard model, and the magnetic field corresponds 
to a hypercharge t/y(l) magnetic field. Then the effective energy, per unit volume, for 
5 = 4, 5, 6, in the case of Uy(l) reads: 

E eff = ^t(9rB) 2 + ^rB) 4 + E Q 

where g^ is the renormalized hypercharge t/y(l) coupling, and wr is a free parameter (see 
section 4). The contributions to quantum energy are come from the spinor and scalar fields 
of the extra-dimension version of the standard model, and not from the vector fields. If we 
take into account that the main features of the quantum energy are the same for spinor and 
scalar fields (see sections 4 and 5), we expect the quantum energy Eq, for g^B » M 2 and 
S = 4,5,6, to be positive and to behave as E a e s f y f mpt ~ {eB) 2 {eB /M) 5 ' 2 (for S = 4 see Eq. 
(45)). Thus, for an appropriate negative value of the free parameter wr it is possible for 
the effective energy to exhibit a minimum for g^B » M 2 , which corresponds to a stable 
hypercharge Uy(l) magnetic field. Note, that in the above mechanism we have completely 
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ignore the effects of the other possible higher order operators, and the negative value of the 
free parameter wr has been put by hand. 

It is worth to note that there are several scenarios for the generation of primordial mag- 
netic fields, see for example Ref . [27] • Especially in the case of string cosmology, sufficiently 
large seeds for generating the observed galactic magnetic fields can be obtained from the 
amplification of electromagnetic vacuum fluctuations, due to the inflationary dynamics of 
the dilaton, see for example Ref. [2S]. On the other hand, in the mechanism we present 
above, we assume that primordial magnetic fields may be created as the minimum of the one 
loop effective energy. However the magnetic fields that obtain from this mechanism, if we 
take into account the evolution of the early universe and the conservation of the magnetic 
flux (for details see Ref. [29 ), can not give the correct size of the seed fields which are 
responsible for the generation of the present days observed galactic magnetic fields. 

Finally, we emphasize that a construction of a reliable scenario for the generation of 
primordial magnetic fields is beyond the scope of this paper. Our main motivation is to 
investigate a classical topic like the Heisenberg Euler lagrangian in the case of extra dimen- 
sions, and to note the rapid power growing of the quantum energy in this case. 
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